Remark. After submitting the paper, we found that a similar, but different as regards Case 2 of Theorem 1, result is contained in the paper of Ping Zhi Yuan [25] . And Yuan [26] also proved that if the equation , where 
, and one of the following cases holds:
Clearly, the results are of importance for some cryptographic problems, since Buchmann and Williams [2] set up a key exchange cryptosystem in the class group of a quadratic field.
Lemmas.
From (1), we see that Pell's equation
has solutions. Assume that x 0 + y 0 √ d is the fundamental solution of (4).
is a solution of (4), and
This lemma is a classical result of C. Størmer [22] . Cf. also M. Ward [24] and L. K. Durst [7] - [9] . Lemma 2. If (x 1 , y 1 ) is a solution of (4) , and
Proof. Otherwise, we assume y 1 > y 0 . Then
we easily see that
This contradicts our assumption. 
Lemma 2 yields
It is Theorem 1 of [3] . The key to the proof of Lemma 4 is using several results on the equations x is the fundamental solution of (4). Hence, from (5) we have (6) 2x
where ε,
4x
2 + 3) = 1 or 3, the latter occurring only for 3 ( (8) is impossible since Nagell [19] and then Brown [1] proved that the equation x 2 +3 = y n has no integer solutions with n > 2. Similarly, from Nagell [18] , [19] and Ljunggren [14] , [15] we know that the equation x 2 +3 = 4y n (n > 2) has the only positive integer solutions x = y = 1 and n = 3, x = 37, y = 7, the equation 3x (10) and (11) are impossible, and (9) has the only solution x = 1.
Lemma 5. If l > 1, then the only positive integer solutions of the equations
Proof. It follows from [16] , [23] and [4] that the only solutions of the equation Lemma 6 follows directly from two general results in [5] and [6] .
Let u n be the Lucas sequence, i.e.
, where α, β are the two roots of the equation
The prime p is called a primitive prime factor of u n if n is the least positive integer with p | u n .
Lemma 7. Let p be a prime, p 2Q. Then: It is well known that the simple continued fraction of √ d is periodical; we denote it by
positive integer solution of the equation
Lemma 9. For any j ∈ Z with j ≥ 0, let p j /q j and r j be the jth convergent and complete quotient of √ d respectively, and let
(mod |L|) and equation (12) has a solution (X, Y ), then equation (12) has at least two positive solutions such that
Proof. See [12] , Lemma 5.
Proof. Assume that equation (14) has a solution. Then
2 , y = y 1 y 2 , where y 1 , y 2 ∈ N with (y 1 , y 2 ) = 1. From (15), we get
which is impossible by Lemma 6. From (16), we get (17) gives p = 239, α = 1, y 1 = 1, y 2 = 13 by Lemma 5. This gives a solution l = 2, p = 239, α = 1, x = 114243, y = 13 of equation (14) . If l > 2, then considering the equality (17) 
where y 3 , y 4 ∈ N with (y 3 , y 4 ) = 1. Hence,
which is impossible, except l = 3, y 3 = y 4 = 1 by Lemma 6. This gives another solution of (14): l = 3, p = 3, α = 1, x = 17, y = 1.
Lemma 11. If c, l ∈ N with l > 1, and c is only divisible by primes of the form 4m + 3, then the Diophantine equation
has no solutions, except l = c = 3, x = 17, y = 1 and l = 2, c = 239, x = 114243, y = 13.
Proof. Assume that equation (18) has a solution. From (18), we have 3. Proof of Theorem 1. From Lu's result, we may assume that b = 1, a > 1. We see from (1) that (22) (2k
Using the properties of the real quadratic field Q( √ d) (e.g. see Nagell [20] where the same idea is used in the case of imaginary quadratic fields, or Lemma 8.9 in Narkiewicz's book [21] ), we deduce from (22) that
where η is some unit of Q( √ d), t is the maximal positive integer T such that the ideal generated by (2k 
Lemma 4 implies that ε, the fundamental solution of Pell's equation (25) 2k
If t = 1, then the theorem is proved. Otherwise, t > 1. If 2 | t, then t = 2t 1 , t 1 ∈ N. Define the integers U, V by
,
So, by (25), we get
From (26) and (27), we have 1 + 2k
, and so
From (28), we know that (k n/2 , k n/2
where A, B ∈ N, A > B, 2 | AB and (A, B) = 1. (29) gives 
This implies that (29) is impossible, except

This implies that (30) is impossible by Lemma 6.
If 2 t, then t has an odd prime factor p. We first consider the proof of Case 3. When a ≤ 0.5k
we can prove from (23) and (24) that no prime p can divide t (for a similar argument see the proof of Lemma 12 later). Hence, a > 0.5k
] when p = 3 and 2 k, and (25) is impossible
Thus, we have λ > 0.4226 since p ≥ 3 and λ > 0.5527 if 2 k. This contradicts our assumption. Now, we consider the proof of Cases 1 and 2. Since p is an odd prime, there exist u, v ∈ Z with
Hence, (25) gives
First, we prove (36) 2k
If v ≤ 0, then from (35) we have > | | and so X > 0, Y > 0. Hence, from (40), the first equality of (35), and (31), we get
Also, by (1) (notice b = 1), we have
From (41) and (42), we get k n < c(4k
. Then we have (43) (4k
Clearly, (43) Proof. It is well known that
In (45), if p | l, then from (44) we have
Clearly, every prime factor q = p of (ε
If p l, then there are s, t ∈ Z such that
where X , Y ∈ Z with
And let
Then from (45) we get 
Using the properties of the real quadratic field Q( √ d), we deduce from (51) that (52) 2bk
and the ideals [(2bk
are coprime. Our assumption about the solvability of (3) implies that each prime divisor of the ideal [b] is a principal ideal. So we infer from (52) that (53) 2bk 
Since Pell's equation
has a solution by (1), we see from (55) that the equations
and (58)
have solutions X, Y respectively. Without loss of generality, we may assume that X 1 , Y 1 is a solution of (57). Let ε be the fundamental solution of Pell's equation (56), and let
and
where
Since a ≤ 0.5b
. So
where f = 2s − 1, 2 s since Pell's equation (56) has a solution. From Lemma 9(iv), we know that
. . , r. Therefore, by Lemma 9(i), we have
Since ε is the fundamental solution of Pell's equation (56) 
.
. Hence, (59) gives
where g(r) = (2r + 1)
We have g(r) ≥ 1 and (2r + 1)(1 − λ 1 ) = 1 since 
where U, V ∈ Z satisfy So from (65) we get (67) 1 + 2bk
From (66) 
